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ABSTRACT: We present a conformal sites theory for a solid substrate whose surface is both geometrically and energetically
heterogeneous and that interacts with an adsorbed film. The theory is based on a perturbation expansion for the grand potential of a
real system with a rough surface about that of a reference system with an ideal reference surface, thus mapping the real system onto a
much simpler interfacial system. The expansion is in powers of the intermolecular potential parameters, and leads to mixing rules for
the potential parameters of the reference system. Grand canonical Monte Carlo simulations for the adsorption of argon at 87.3 K,
carbon dioxide at 273 K, and water vapor at 298 K on heterogeneous carbon surfaces are investigated to explore the limits of
applicability of the theory. Simulation results indicate that the theory works well with typical asymmetry of the potential parameters
in the force field. However, care should be taken when applying the theory to strongly associating fluids and in the low-pressure
region where the active surface sites play an important role. The conformal sites theory can be used to predict the adsorption
properties and to characterize the solid substrate by taking advantage of the corresponding states principle. Other possible
applications are also discussed.

1. INTRODUCTION

Molecular simulation and theoretical treatments of thin films
adsorbed onto solid surfaces or within narrow pores have usually
treated the solid surface as atomically smooth and energetically
homogeneous. Thus, while nonlocal density functional theory
(NLDFT)1−4 greatly improves the determination of pore size
distribution (PSD) of activated carbons, early versions of the
theory assumed that the graphite surface is smooth,
uncorrugated, and chemically homogeneous; this results in
errors in the determination of the PSD.5,6 In practice, nearly all
surfaces exhibit roughness through geometric effects (e.g.,
curvature of graphene segments due to defects) and variations in
chemical composition or chemical groups attached to the
surfaces. Such surface roughness is known to be important for
adsorption at a low bulk pressure5,7 during the completion of the
first adsorbed layer for the pressure tensor in thin films8 and
phase transitions in pores, including freezing,9−11 layering
transitions,5,12 and contact layer phases13 for example. A variety
of simple models have been proposed for geometrically and
energetically heterogeneous surfaces at both the macro- and

nanoscales. Nanoscale models have been reviewed by Jagiello
and Olivier5 recently. Included are models that account for
geometric surface vacancies,14,15 variable wall thickness,16 or
variable surface density6,17 and also models that add a periodic
function to the solid−fluid interaction potential in a direction
parallel to the pore wall.5,18,19 While the quenched solid density
functional theory6 and also the 2D-NLDFT5 give good
agreement with experimental low pressure adsorption data,
they are limited in that they allow for only one kind of
heterogeneity at a time (i.e., either structural or chemical
heterogeneity). Jagiello and Olivier20 have attempted to include
both geometric and chemical effects into one comprehensive
model; however, their model does not permit variation of the
energetic site densities and fails to consider the electrostatic
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interactions, which are of particular importance for the
adsorption of polar molecules, for example, water and carbon
dioxide, onto grafted or oxidized surfaces at a low pressure. In
molecular simulations, it is possible to study the adsorption
process based on a detailed model of surface roughness in slit
pores7,21,22 and cylindrical pores.23 However, simple and
accurate roughness models that can be incorporated into
theoretical approaches, such as classical density functional
theory5,18,19 or corresponding states theory,24,25 are more easily
used by experimentalists for fast predictions.
In this work, we propose a simple statistical mechanical model

of surface roughness that allows for an arbitrary number of types
of surface sites and variable site densities. We consider the
surface to be made up of a number of patches or sites of varying
interaction energy. The key assumption made is that the
interaction energy of these patches with an adsorbatemolecule is
conformal, that is, they conform to the same functional form.
The approach is analogous to that of the van der Waals 1-fluid
(vdW1) theory of simple, spherical molecules that has been very
successful for the thermodynamic properties of simple bulk
liquid mixtures.26−32 The main limitations of these theories of
liquid mixtures are their restriction to spherical, nonpolar
molecules and liquids that are uniform in density. Here, we
extend such treatments to systems where the molecules are
nonspherical and exhibit electrostatic forces, and to highly
inhomogeneous systems that include a substrate having an
energetically and geometrically rough surface. Recently, An et
al.33 proposed a conformal sites analysis for the static and
dynamic properties of polymer films on a homogeneous
substrate. The model in this paper focuses specifically on
elucidating the molecular-level factors responsible for the
surface heterogeneity.

2. CONFORMAL SITES THEORY

In the spirit of the corresponding states theory,24,25 perturbation
theory,28 and vdW1 theory,26,27 we develop a statistical
mechanical analysis, which we term the conformal sites theory,
for the interfacial system involving nonspherical adsorbate
molecules and rough surfaces.
We assume that the surface layer of the solid substrate is made

up of different adsorption sites of species α, β, ..., which can
include atoms (δ, e.g., carbon) that are the main constituents of
the solid substrate and other energetic adsorption sites; the
heterogeneous sites are assumed to be present only on the
surface of the solid substrate. The adsorbate molecule interacts
with atoms in the lower layers of the substrate in the same way as
for the homogeneous substrate. For simplicity of notation, we
assume that the homogeneous regions of the substrate are made
up of Nsite

lower sites of only one atomic species, δ; however, the
extension to multiple species of atom is straightforward. We
consider the top surface having Nα surface sites of species α, Nβ

sites of species β, and so on, with varying interaction strengths.
The total number of top surface sites is Nsite

top =∑αNα; these top
surface sites, will in general, include δ sites. Thus, the total
number of substrate sites is Nsite = Nsite

top + Nsite
lower. We further

assume a pure adsorbate phase and that each adsorbatemolecule
possesses m interaction sites of species κ, λ, ... The adsorbate−
adsorbate and adsorbate−substrate interaction potentials are
taken to be pair-wise additive and include terms for overlap,
dispersion, and electrostatic forces in general. Thus, the
adsorbate−adsorbate (aa) interactions are of the form

∑ ∑ ∑ ∑=
υ ξ

υξ
−U u r( )

i j
ijaa
a a

(1)

where uij
a − a(rυξ) is the adsorbate−adsorbate intermolecular

potential energy between site υ in adsorbatemolecule i and site ξ
in adsorbate molecule j and is of the form

ε
σ πε

= +υξ υξ
υξ

υξ

υ ξ

υξ

−
i

k
jjjjjj

y

{
zzzzzzu r f

r q q

r
( )

4ij
a a

0 (2)

where ευξ and συξ are potential parameters having units of energy
and distance, respectively, qυ is a point charge on site υ, ε0 is the
permittivity of vacuum, and rυξ is the separation between site υ
and site ξ. The first term on the right of eq 2 accounts for
dispersion and overlap forces, the form of which is taken to be of
12-6 Lennard-Jones (LJ) form34 in this work, while the second
accounts for Coulombic forces. Nonbonded potentials of the
form of eq 2 have been used for a wide range of nonpolar, polar,
and associating molecules, with parameter values fitted to ab
initio and experimental data; examples include the TIP,35

OPLS,36 and CHARMM37 force fields. It is worth noting that
some site−site interactions will involve only the LJ interaction,
some will involve only the Coulombic interaction, and some will
involve both.
We are interested in calculating the free energy of adsorption.

We treat the adsorbate molecules as being, in general,
nonspherical but rigid. The adsorbed phase is open to exchange
of molecules with the bulk reservoir (i.e., the number of
adsorbatemoleculesNa is fluctuating), but the numbers of atoms
and sites in the substrate are fixed. We therefore adopt a
semigrand canonical ensemble,38−41 which is characterized by
the variables Nα, Nβ, ... ≡ {Nα} (number of substrate sites of
various species), μa (chemical potential of adsorbate molecules),
V (accessible volume of the system), and T (temperature). Let
U(R{Nα}, rNa, ωNa) be the total configurational energy, including
the contributions from adsorbate−adsorbate and adsorbate−
substrate interactions. Here, we have assumed the substrate sites
to be fixed, and R{Nα} represents the positions of substrate sites.
The semigrand partition function of the interfacial system for a
given substrate configuration R{Nα} is38−41

∫
∑μ

ω ω

Ξ { } =
!

× [− ]

α
=

∞

{ }α

N V T
z
N

U k TR r r

( , , , )

exp ( , , )/ d d

N

N

N N N N N

a
0

a

a

B

a

a

a a a a

(3)

where kB is the Boltzmann constant, and rNa≡ r1, r2..., rNa
andωNa

≡ ω1, ω2..., ωNa
represent the positions and orientations of all

adsorbate molecules. The activity, za, of a single adsorbate
molecule is

μ

ω
=

Λ Λ ̅
z

k T qexp( / )
a

a B a,qu

a,t
3

a,r (4)

where Λa, t is the translational part (de Broglie wavelength) and
Λa, r is the rotational part of the kinetic energy in the molecular
partition function, qa, qu is the part that must be treated quantally,
and ω̅ = ∫ dω, that is, 4π or 8π2 for linear or nonlinearmolecules,
respectively. The total configurational energy U(R{Nα}, rNa, ωNa)
in eq 3 can be written as
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The first term on the right of eq 5 is the sum of all adsorbate−
adsorbate interactions. The second term on the right is the sum
of all interactions between the site υ in adsorbate molecule i and
a top surface site l, and the final term on the right is the
contribution of interactions between site υ in adsorbate
molecule i and the lower layer substrate site l. We have assumed
that the δ atoms (the main component of the substrate) do not
carry electrostatic charges. We also have neglected the
interactions between pairs of substrate sites since we consider
these sites to be fixed. The semigrand potential thus is40

μ μΩ { } = − Ξ { }α αN V T k T N V T( , , , ) ln ( , , , )a B a (6)

We now map the semigrand potential for the real system with
a rough surface, given by eq 6, to that for a reference system with
an ideal reference surface having the same number of adsorption
sites as the rough surface. For the reference system, the surface
sites interact with the adsorbate sites with a potential form that is
conformal with that for the α, β, ... sites on the rough surface but
with all adsorbate−surface site−site dispersive interactions
having the same potential parameters εx and σx, regardless of the
site species, where subscript x indicates the reference system. In
mapping the point charges on the real surface onto those on the
reference surface, we require that the number, position, and
identity of the reference charged sites remains the same as those
on the real rough surface, with new reference point charges of qx

+

and qx
− for positively and negatively charged surface sites,

respectively. We will show that such a construction can

intrinsically maintain the electrical neutrality of the reference
surface. This mapping process is illustrated in Figure 1; this
process only changes the adsorbate−surface site−site cross-
interaction parameters, and the identity of the surface/adsorbate
site will remain the same as that in the original real system, which
is similar to the vdW1 theory.31 We note that, for the real
heterogeneous surface, some surface sites will carry a point
charge, while others may have only site−site LJ interactions.
To realize this mapping process, we wish to expand the

semigrand potential for the real system about that for the
reference system in powers of the difference in the adsorbate−
surface pair potential parameters for the real system and the ideal
reference system.Wemust first decide on the appropriate choice
of expansion variables that gives the most rapid convergence of
the corresponding Taylor expansion. In the conformal theory of
liquid mixtures of spherical molecules (components α, β,...),
several choices were proposed. In the original work of Longuet-
Higgins,42 the expansion was in terms of (εαβ − εx) and (σαβ −
σx), whereas in the random mixture43,44 version of the theory,
(εαβσαβ

12 − εxσx
12) and (εαβσαβ

6 − εxσx
6) were used as the expansion

variables. Leland and co-workers26,27 used (εαβσαβ
3 − εxσx

3) and
(σαβ

3 − σx
3) as expansion variables, which yield the van der Waals

one-fluid (vdW1) theory, so-called because the resulting mixing
rules for εx and σx correspond to those used by van der Waals in
his theory of mixtures; “one fluid” because the theory relates the
properties of the mixture to those for a single reference pure
fluid. Among these choices, the vdW1 choice gave, by far, the
best agreement with the simulations.30,45−49 That the vdW1
choice of expansion parameters is a reasonable one is also
supported by examination of the equations for the internal
energy and pressure for mixtures.45,46 While the vdW1
expansion parameters were found to work well, this was for
spherical Lennard-Jones interactions only. However, using
similar arguments proposed by Henderson and Leonard,45,46 it
is possible to show that a similar choice is appropriate for
molecules and surface sites that interact with site−site
intermolecular potentials, as we show in Appendix A.1. We
therefore adopt the vdW1 choice of expansion variables here,
(εκασκα

3 − εxσx
3) and (σκα

3 − σx
3), remembering κ is the site species

in the adsorbate molecule and α is the site species on the rough
surface. As far as we are aware, there have not been previous
attempts to include the point charge terms in a conformal

Figure 1. Schematic plot of the conformal sites theory mapping from a real system (left) to a reference system (right). Left: the energetically
heterogeneous surface with four types of energetic site (indicated by different colors), among which the α sites (cyan spherical cap) and the β sites
(yellow spherical cap) are labeled as examples. α sites carry positive charges and have interaction parameters εκα, σκα, and qκqα with adsorbate site κ
(gray adsorbate molecule); β sites carry negative charges and have parameters εκβ, σκβ, and qκqβwith adsorbate site κ. Right: the ideal reference surface,
where all energetic sites are colored in green to indicate that they are conformal reference sites and interact with the adsorbatemolecule κwith the same
Lennard-Jones potential parameters εx and σx. By construction, the number, position, and identity of charged sites on the reference surface remain the
same as those on the real rough surface but with the reference charges of qx

+ for positive surface charges and qx
− for negative surface charges. For example,

α sites and β sites on the reference surface now interact with adsorbate site κ with parameters of qκqx
+ and qκqx

−, respectively. The primary substrate
atoms δ are not shown for clarity.
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solution treatment. Examination of the equation for the
configuration energy for a fluid having such site−site electro-
static interactions suggests that using (qα − qx) as the expansion
variable is appropriate (see Appendix A.2). The reference charge
qx here is a general notation, and it becomes qx

+ and qx
− when the

surface charge qα is positive and negative, respectively. The
semigrand potential for the real system is then to the first order

∑ ∑

∑ ∑

∑ ∑
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(7)

where subscript x signifies the limit when εκα→ εx, σκα→ σx, and
qα → qx

+ (or qx
−). The dagger on the summation signs indicate

that the sum is over all adsorbate−surface site species pairs, none
of which has zero size parameter (i.e., σκκ, σαα ≠ 0); and the
summation over the top surface site species (α, β, ...) includes
both primary substrate site species (δ) and energetic surface site
species. For the fourth and fifth terms on the right of eq 7,
∑α

+and∑α
− indicate a summation over all surface site types with

positive charge and all surface site types with negative charge,
respectively.
We first consider the derivative with respect to σκα

3 . We note
that the only term in eq 5 that depends on σκα

3 is the second on
the right. The number of possible κα type pair interactions is
NκNα. If we assume that the surface sites of type α share a similar
chemical environment on the rough surface and the adsorbate
sites of type κ are geometrically symmetric on the adsorbate
molecule, each of these κα type pair interactions will give similar
results after the integration over the whole space. So, from eqs 3,
5, and 6, we find
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where xκ = Nκ/(mNa) is the mole fraction of site species κ in
adsorbate phase, Na is the number of adsorbate molecules, and
xα = Nα/Nsite

top is the mole fraction of sites of species α on the top
of the rough surface. The one-body density-orientation profile
ρ(r1, ω1) is defined in the grand canonical ensemble as50
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We now take the reference system limit, εκα → εx, σκα → σx, and
qα → qx

+ (or qx
−). Equation 8 gives
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where ρx(r1, ω1) is the corresponding one-body density-
orientation profile in the reference system. Similarly, the
derivative with respect to εκασκα

3 in eq 7 can be evaluated in
the reference system as
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Now, we consider the derivatives with respect to qα in eq 7:
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When we take the reference system limit, eq 14 gives
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where
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It is apparent that coefficients Fx, κα, Gx, κα, and Hx, κα are
dependent on the site species κ and α due to the site-specific
distance rκα. From eqs 10, 12, and 15, the expansion series of eq 7
can be rewritten as
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So far, we have not specified the values of εx, σx, qx
+, and qx

− in
the reference system. The most sensible choice of the reference
system is to make the first-order terms in eq 17 vanish.28,51 The
problem, however, immediately follows that the expressions for
the potential parameters of the reference system also depend on
the coefficients Fx, κα, Gx, κα, and Hx, κα, which are properties of
the reference system that has not been specified. Here, we
neglect the site dependence of these coefficients, and with this
approximation, these coefficients can be taken outside of the
summation operators in eq 17. This assumption is generally
acceptable and is supported by the calculation of these
coefficients (see Appendix A.3) and the molecular simulation
results in section 4. By accepting the approximation that the
coefficients Fx, κα, Gx, κα, and Hx, κα are independent of site type
κα, annulling the first-order terms in eq 17 yields
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By adding eqs 20 and 21 together and noting the electrical
neutrality of the real rough surface, we have

∑ ∑ ∑ ∑+ = + =
α

α
α

α
α

α α
α

α α
+ + − − + −

x q x q x q x q 0x x

(22)

Equation 22 confirms the electrical neutrality of the reference
surface. We also note that only the surface charges in the real
system will be mapped onto the reference charges, qx

+ and qx
−, in

the reference system, while the charges on the adsorbate
molecules will be kept unperturbed, and the magnitude of these
positive and negative reference charges will, in general, be
different. Lorentz−Berthelot combining rules52,53 are used for

the cross-term interaction parameters εκα and σκα: εκα =
(εκκεαα)

1/2 and σκα = (σκκ + σαα)/2. Equations 18−21 correctly
reproduce the perturbation expansion of the semigrand
potential up to the first order, and they are a surface analog of
the vdW1 mixing rules. Similarly, the perturbation treatment to
the semigrand potential can also be extended to the adsorbate−
adsorbate and adsorbate−lower substrate layer interactions. The
potential parameters εx

aa and σx
aa for the reference adsorbate−

adsorbate (aa) site interactions can be obtained by
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where the summation should be carried over all adsorbate−
adsorbate site species κ−λ pairs, none of which has zero size
parameter. Themixing rules for the reference charge termwill be
the same as those for the adsorbate−surface version, but now
with a summation over adsorbate site types instead of surface
site types (see eqs A.30 and A.31). Equations 23 and 24 are
essentially the vdW1 mixing rules for nonspherical molecules.
With these choices for the parameters in the reference system,

eq 17 becomes to the first order

Ω ≈ Ωx (25)

Equations 18−21 and 25 together constitute a conformal sites
theory for adsorbed films on rough surfaces. The derivation
given above has the advantage that it can be extended to higher
orders and can be used to derive theories for other properties.
The second-order expansion term involves integrations over
both the pair and three-body correlation functions for the ideal
reference surface. In the case of the vdW1 theory for liquid
mixtures, the superposition approximation for the three-body
correlation function in terms of the pair functions has been
found to give satisfactory results for the second-order term.28

The examination of eqs 3, 5, and 6 establishes the reduced
semigrand potential as a function of several dimensionless
parameters
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(26)

where FΩ(...) is a universal function for the free energy of
systems that obey the same corresponding states principle; the
reduced semigrand potential is defined as Ω* = Ω/εxaa, reduced
bulk pressure is Pbulk* = Pbulk(σx

aa)3/εx
aa, reduced temperature isT*

= kBT/εx
aa, and reduced total accessible volume is V* = V/(σx

aa)3.
The ratio of the energy parameters, (εx/εx

aa), has been
considered as a measure of the fluid wetting on the surface.54

Potential parameters, εx
lo and σx

lo, for the reference adsorbate−
lower substrate layer interactions can be calculated by applying
the same conformal sites mixing rules (eqs 18 and 19), but now
with the summation over all lower layer sites (or atoms). In
practice, if the ratios (εx

lo/εx
aa) for systems obeying the same

corresponding states principle are not too different from each
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other, it could be neglected. For an energetically rough surface
with geometrical defects, a dimensionless structure parameter,
χstrc, should be included in the equation to characterize the
geometrical heterogeneity of the surface. For example, for a flat
surface with a circular geometrical defect of size Rc (see section
3.1), this structure parameter can be defined as χstrc = Rc/σx

aa. To
describe the intermolecular forces of the adsorbate molecule, a
dimensionless variable, χac, similar to the Pitzer’s acentric factor
for bulk fluids,55 has been introduced; χac considers the effect of
the substrate. For adsorptions of simple spherical molecules like
Ar, CH4, etc., this acentric factor χac can be neglected. Previous
molecular simulations13 and our calculations show that when σx
and σx

aa are not too different from each other, the diameter ratio
(σx/σx

aa) has only a minor contribution to the properties of
adsorbed films. Then, for the adsorption of spherical molecules,
which can be described by the dispersion and overlap
interactions only, eq 26 can be simplified to

ε
ε

χΩ*≈ * * *Ω
i
k
jjjjj

y
{
zzzzzF P T V, , , ,x

x
bulk aa strc

(27)

Once the semigrand potential (free energy) is known, other
properties, for example, enthalpies of adsorption, including the
isosteric heat, and phase transition points, such as capillary
condensation and freezing, are readily obtained. Specifically, we
are interested in the surface excess adsorption. The reduced
surface excess adsorption for a specific substrate structure is
given by21,56
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where ⟨...⟩x denotes the ensemble average in the reference
system, ρbulk is the bulk density of adsorbate molecules, and S is
the surface area. The surface excess is an intensive property, so
volume is no longer a variable in the function. The
corresponding states correlation function FΓ can be determined
from experiments or simulations of any spherical adsorbate
molecules adsorbing on the specific substrate. Being determined
once, the function FΓ can be used to predict the surface excess
adsorption of other kinds of gas following the same
corresponding states correlation.
In summary, the perturbation expansion of the semigrand

potential [eq 7 or 17] predicts that the real system is equivalent
to the reference system when the ratios of potential parameters
of surface sites and those of adsorbate sites equal to unity, that is,
εαα : εββ : ... = 1, σαα : σββ : ... = 1, |qα| : |qβ| : ... = 1, εκκ : ελλ : ... = 1,
and σκκ : σλλ : ... = 1. When one or more of these parameter ratios
are very different from unity, higher-order terms in the
expansion will become important, and our first-order conformal
sites theory will fail. In the following sections, we use grand
canonical Monte Carlo (GCMC) simulations to explore the
limits of applicability of our conformal sites theory to the
prediction of adsorption isotherms in highly heterogeneous
interfacial systems.

3. MODELING AND METHODS
3.1. Modeling of Heterogeneous Surfaces. In principle,

the conformal sites theory can be applied to any substrate
structure. Here, we adopted a heterogeneous carbon surface

model because of the wide interests in the active carbon
materials. We modeled the real substrate as a collection of
graphene layers with the top layer being an atomically defective
one. The top surface layer is composed of carbon atoms and
several types of energetic sties serving as the chemical defects on
the surface (e.g., hydroxyl groups, carboxyl groups, etc.). These
energetic sites are embedded within the top layer and have a
deeper energetic well depth than that of the carbon atoms.7

Wongkoblap and Do7 investigated the effects of strength and
topology of energetic sites on the adsorption of argon in finite
carbon slit pores. They studied four topologies of energetic sites
on the surface (centered, cornered, shelled, and random
topologies) and found that the topology affects the shape of
the adsorption isotherm and the phase transition. In this work,
we randomly distributed energetic sites on the surface, which
represents the most general case in real applications.
In addition to the chemical heterogeneity on the surface, the

geometric defects were also allowed for the top layer using the
model of Do and Do.21 For modeling the geometric defects, we
randomly selected a carbon atom on the top layer and then
removed it and its surrounding atoms within a certain effective
defect radius Rc from the selected atom. The removing action
was repeated until the percentage of deleted atoms reached the
percentage of defects, Pd. More details can be found in ref 21.
This nongraphitized carbon surface model has been shown to be
very successful in reproducing experimental data of isosteric
heat.21 In all simulations, we chose Rc = 2.84 Å and Pd = 30%; an
example of the heterogeneous carbon surface structure is shown
in Figure 2.

3.2. Interaction Potentials. To test our conformal sites
theory, we ran sets of two parallel GCMC simulations: one for
the adsorption on the real surface (cf. the left panel in Figure 1)
and the other one for the adsorption on the corresponding ideal
reference surface (cf. the right panel in Figure 1). Both real
surface and the reference surface share the same structure. For
the real system, the potential energy for the site−site interaction
between the adsorbate and the top heterogeneous surface was
modeled by

Figure 2. Schematic plot of the simulation box. The top atomically
defected layer is composed of carbon atoms (in gray) and 11% energetic
sites (in blue), with an effective defect radius of Rc = 2.84 Å and a
percentage of geometric defects of Pd = 30%. The energetic sites are
randomly distributed on the surface. The graphene layers beneath the
top defected layer were modeled by the structureless 10-4-3 Steele
potential. For the definition of z and Δ, see section 3.2 for details.
Adsorbate molecules are shown as white circles.
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where the potential parameters ευl and συl for the interaction
between the site υ in the adsorbate molecule and the top surface
site l were calculated using the Lorentz−Berthelot combining
rules. For the reference system, the adsorbate−surface
interaction potential was modeled by
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where the reference charge qx denotes either qx
+ or qx

−, and the
potential parameters εx, σx, qx

+, and qx
− were calculated by the

conformal sites mixing rules (eqs 18−21). The adsorbate−
adsorbate site−site interaction in the reference system was
modeled in the same way as that in the real system (eq 2).
Instead of being simulated explicitly, as for the top surface

layer, the graphene layers beneath the top defected layer in both
the real system and the reference system were described by the
structureless 10-4-3 Steele potential57
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where z is the distance of adsorbate sites from the graphite
surface, ρs is the density of the graphite (ρs = 0.114 Å−3), and Δ
is the spacing between two adjacent graphene layers (Δ = 3.35
Å). The adsorbate−graphite energy depth and collision
diameter, εas and σas, were calculated from the Lorentz−
Berthelot combining rules. The molecular parameters of the
carbon atom in graphite are σss = 3.4 Å and εss/kB = 28 K.57

3.3. Choice of Testing Systems. Two general types of
system were investigated in this work: a nonpolar system with
only site−site Lennard-Jones (LJ) interactions and a polar
system with electrostatic interactions.
For the nonpolar system, we studied the adsorption of simple

LJ argon on a nongraphitized carbon surface at 87.3 K (normal
b.p.). In this case, we assumed that there was only one kind of
energetic site (E1) randomly distributed on the top surface,
which does not carry any electrostatic charges. Ratios of the LJ
energy parameter of the energetic sites (E1) to that of the
graphite carbon atom (C), (εE1/εC), of 1.5, 3.0, and 5.0 and
ratios of the LJ size parameters, (σE1/σC), of 1.0, 1.1, and 1.5
were studied. The larger those ratios are, the more likely the
reference system would deviate from the real system. When the
mole fraction of E1 sites is zero, the energetically heterogeneous
surface reduces to an energetically homogeneous surface. We
also studied the effect of the mole fraction of energetic sites on
the performance of the conformal sites theory. Mole fractions,
xE1, of 11.0, 19.9, and 30.2% for the E1 site were tested. Testing
systems are summarized in Table 2.
For polar systems where Coulombic forces are involved, we

are interested in the adsorption of pure carbon dioxide and pure
water vapor on the nongraphitized carbon surface at 273 and
298 K, respectively. We placed four types of energetic polar sites
on the top surface: P1, P2, P3, and P4, where P1 and P2 sites
carry the positive charges and P3 and P4 carry the negative
charges; charge values were chosen in an arbitrary way but were

chosen to be of the same order of magnitude as those from the
standard force fields. The total mole fraction of these energetic
polar sites was kept to about 15% in all cases, which is a
reasonable amount for the real rough surface. A good starting
point to test the conformal sites theory for polar systems would
be to vary the ratios of surface charges, qP2/qP1 and qP4/qP3, while
keeping the ratios of LJ parameters unity, that is, εP1 : εP2 : εP3 :
εP4 = 1 and σP1 : σP2 : σP3 : σP4 = 1. The CO2 molecule was
represented by three LJ spheres with partial charges centered at
each LJ site (TraPPE force field58). The C−O bond length and
O−C−Obond angle were fixed at the experimental value of 1.16
Å and 180°, respectively. The water molecules were modeled by
the simple-point-charge (SPC) water model.59 Major potential
parameters used in the simulation are listed in Table 1, and
system parameters for the adsorption of pure CO2 and water
vapor are summarized in Table 3.

For cases studied in Table 2 and Table 3, we compared the
adsorption on the real surface and the adsorption on the ideal
reference surface side by side to see at which point the reference
system will fail to follow the behavior of the real system, where
the conformal sites theory breaks down.

3.4. Simulation Details. Grand canonical Monte Carlo
(GCMC) simulations were carried out with the Metropolis
algorithm.60 The number and position of substrate sites,
chemical potential of adsorbates, accessible volume of the
system, and temperature were fixed in the simulation. The box
dimension, 31.97 Å × 34.08 Å × 100 Å (Lx × Ly × Lz), was used
to satisfy the periodicity requirement of the graphene structure.
The LJ potential cutoff radius was chosen as half of theminimum
box length. Three-dimensional periodic boundary conditions
were applied. For the calculation of long-range Coulombic
interactions, the Ewald summation method was applied.61,62 An
Ewald damping parameter αE of 0.238 Å

−1 was used. Following
the customary Ewald algorithm, only the central box was
accounted for in the real space with a cutoff radius of 15.987 Å.
The maximum numbers of k vectors used in the k-space were 10,
10, and 25 in the x, y, and z direction, respectively. The Ewald
parameters were selected for best computational efficiency while

Table 1. Major Potential Parameters Used in the Simulation

atom ε/kB (K) σ (Å) q (e−)

C (graphite) 28 3.4
LJ argon 119.8 3.405
C (CO2) 27 2.8 +0.7
O (CO2) 79 3.05 −0.35
O (H2O) 78.197 3.166 −0.82
H (H2O) +0.41

Table 2. Systems Tested for LJ Argon Adsorbed on
Heterogeneous Surfaces

system no. σE1/σC εE1/εC xE1 (%)

1 1.0 1.5 11.0
2 1.0 3.0 11.0
3 1.0 5.0 11.0
4 1.1 5.0 11.0
5 1.1 5.0 19.9
6 1.1 5.0 30.2
7 1.5 1.5 11.0
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ensuring the convergence of the Coulombic energy. We placed
an empty vacuum space in the z direction larger than Lx and Ly
and applied a correction term for the slab geometry.63 We
explicitly excluded the intramolecular energies of the solid and
adsorbate molecules. A schematic plot of the simulation box is
shown in Figure 2.
Simulations consisted of 10−40 million moves for equili-

brium. The statistics were sampled from the following 10−40
million production moves. The production stage was divided
into 100−400 blocks, and the standard error of the mean of
these blocks was calculated. Chemical potentials of bulk fluids
were obtained either from the Lennard-Jones equation of state64

or Widom insertion method65 in isothermal-isobaric (NPT)
Monte Carlo simulations.

4. RESULTS AND DISCUSSION
4.1. Ar Adsorption at 87.3 K. In the case of argon

adsorption on nongraphitized carbon surfaces, we first test the
systems with the LJ size ratio of the energetic surface site (E1) to
that of the surface carbon atom (C), (σE1/σC), equal to 1.0, and
with the mole fraction of E1, xE1, equal to 11% (Figure 3 a−c).
Good overall agreement between the real system and the ideal
reference system is seen over the relative pressure range of 1 ×
10−5 to 1. The adsorption isotherms in the two different systems
are almost identical within the estimated error of simulations. In
the low-pressure range from 2× 10−5 to 1× 10−4, however, there
are incremental deviations between two systems (see insets in
Figure 3 a−c) as the ratio of energy parameters, (εE1/εC),
increases. The reason for these deviations is that, at a very low
pressure, adsorbate molecules will first adsorb on the most active
substrate sites on the real surface. However, on the ideal
reference surface, all the surface sites are “averaged” to have the
same interaction strength with adsorbate molecules; thus,
without those active surface sites that are strong enough to
attract the adsorbate molecules, the adsorbed amount on the
ideal reference surface is expected to be lower at a very low
pressure. When the relative pressure goes beyond 1 × 10−4, the
adsorption isotherms of the two systems are in excellent
agreement, with the absolute relative deviation within 5%, even
as the ratio of LJ energy parameters increases up to 5 (Figure
3c). Furthermore, we notice that the shape of the adsorption
isotherm becomes sensitive to the energetic heterogeneities on
the real rough surface over the region where the first layer is
being completed,7 which corresponds to the relative pressure
range around 2 × 10−4 to 0.1. Therefore, despite the limited
performance of the conformal sites theory at relative pressures
lower than 1× 10−4, which corresponds to the very early stage of
the first layer adsorption, the theory can capture the most
important part in the adsorption process related to the
completion of the monolayer and higher layers and can help
us distinguish the strength (or type) of the energetic sites on the
surface.
If we increase the LJ size ratio, (σE1/σC), to 1.5 (i.e., volume

ratio of 3.375) while keeping the LJ energy parameters ratio,

(εE1/εC), as low as 1.5, a larger deviation outside the standard
errors between the two systems is observed over the monolayer
adsorption region, as seen in Figure 4. The reason for the failure
is that the conformal sites theory cannot correctly account for
the packing effect of the adsorbates on the surface. In the real
system (see schematic diagram B in Figure 4), when surface sites
differ significantly in size, adsorbates prefer to be irregularly and

Table 3. Surface Charges and Mole Fractions Used for CO2 and H2O Adsorbed on Heterogeneous Surfacesa

system no. qP1 (xP1) qP2 (xP2) qP3 (xP3) qP4 (xP4) qP2/qP1 or qP4/qP3

1 +0.4 (0.052) +0.6 (0.034) −0.5 (0.052) −0.75 (0.021) 1.5
2 +0.4 (0.052) +1.2 (0.034) −0.5 (0.041) −1.5 (0.027) 3.0
3 +0.2 (0.034) +1.0 (0.021) −0.1 (0.052) −0.5 (0.045) 5.0
4 +0.1 (0.038) +1.0 (0.038) −0.1 (0.038) −1.0 (0.038) 10.0

aLJ potential parameters for all polar energetic sites are set equal to those of the carbon atom in graphite.

Figure 3. Excess adsorption isotherms of Ar at 87.3 K (normal b.p.) on
the real surface (filled black circles) and the ideal reference surface
(open red squares) with the LJ size ratio of σE1/σC = 1.0 and xE1 = 11%
for the real surface. (a) εE1/εC = 1.5. (b) εE1/εC = 3. (c) εE1/εC = 5.
Insets are amplified views of the low-pressure region (relative pressures
lower than 0.0001). The saturation pressure, P0, of argon is 1 atm at 87.3
K. Curves are drawn to guide the eye.
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loosely packed on the surface, which results in an isotherm that
increases more slowly. In the reference system (see schematic
diagram A in Figure 4), the size difference of the reference
surface sites is smaller, leading to a relatively smooth surface;
adsorbate molecules can pack more closely and form a more
ordered layer near the surface, favoring the layering
transitions.5,6,21 The sensitivity of the conformal sites theory
to the size ratio is expected, and a similar behavior has been
observed in the vdW1 theory for hard sphere mixtures at high
densities.46 Georgoulaki et al.49 concluded that the ratio of the
energy parameters influences the performance of the vdW1
theory more than the ratio of the size parameters in binary LJ
mixtures. In the interfacial system, however, due to the strong
packing effect during adsorption, the ratio of the size parameters
of the surface sites is more important than the ratio of the energy
parameters. This observation is also supported by the calculation
of the coefficient in the perturbation equation (Appendix A.3). If
we look at molecular force fields, such as OPLS36 and TIP,35 and
the force field specifically developed for the functional groups on
the surface,66 the typical LJ energy parameter ratios for the
surface sites are within 5.0, and the typical LJ size ratios are
within about 1.1. We thus further test the system with σE1/σC =
1.1, εE1/εC = 5, and mole fractions of xE1 = 11% for the real
surface (Figure 5a). The adsorption isotherms from two
different systems agree within 5% beyond the low-pressure
range (P/P0 ≥ 2 × 10−4).
We have also studied the effect of the mole fraction of surface

energetic sites (E1) on the performance of the conformal sites
theory. Simulation results are shown in Figure 5. In the low-
pressure range (P/P0 ≤ 1 × 10−4), the increase in the mole
fraction leads to a growing deviation between the two systems,
and the largest relative deviation is up to 25% with respect to the
adsorbed amount on the real rough surface. However, at higher
pressures, P/P0 > 1 × 10−4, the simulated adsorption isotherms
are within a relative deviation of 5% for the two systems. Thus,
other than the low-pressure range, the mole fraction of surface
energetic sites, up to 30%, has negligible influence on the
performance of the conformal sites theory. It is worth noting that
the topology of energetic sites in the current study is limited to

the random distribution. We can expect that, for a more locally
concentrated site topology, for example, the stripe pattern, the
high concentration of the energetic sites would downgrade the
applicability of the conformal sites theory more distinctively,
especially in the low-pressure region. This is because the more
concentrated energetic sites will attract more adsorbate
molecules at a low pressure than the random distribution case,
resulting in an even larger underestimation of the absorption
amount on the ideal reference surface.
In summary, to use the conformal sites theory for the

adsorption of simple LJ fluids, we suggest avoiding the low-
pressure range, which corresponds to the very early stage of the
first-layer adsorption, and also being cautious when applying the
conformal sites theory to the systemwhere the surface sites differ
largely in size.

4.2. CO2 Adsorption at 273 K. In this section, we test the
conformal sites theory for the adsorption of carbon dioxide with

Figure 4. Excess adsorption isotherms of Ar at 87.3 K (normal b.p.) on
the real surface and the ideal reference surface with the LJ size ratio of
σE1/σC = 1.5, the LJ energy parameters ratio of εE1/εC = 1.5, and xE1 =
11% for the real surface. The saturation pressure, P0, of argon is 1 atm at
87.3 K. Curves are drawn to guide the eye. Insets are schematic
diagrams of molecular interactions between monolayer adsorbates and
surface sites. A: plot for the reference system. B: plot for the real system.
The gray circles represent main substrate atoms, green circles represent
same-size reference surface sites, blue circles represent large-size
energetic sites on the real rough surface, and white circles are adsorbate
molecules. See text for details.

Figure 5. Excess adsorption isotherms of Ar at 87.3 K (normal b.p.) on
the real surface (filled black circles) and the ideal reference surface
(open red squares) with different mole fractions of energetic sites (E1)
on the real surface. (a) xE1 = 11%. (b) xE1 = 19.9%. (c) xE1 = 30.2%. The
LJ size ratio is σE1/σC = 1.1, and the LJ energy parameters ratio is εE1/εC
= 5 for all systems. The saturation pressure, P0, of argon is 1 atm at 87.3
K. Curves are drawn to guide the eye.
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charged polar sites embedded in the heterogeneous surfaces. In
this case, the ratio of LJ potential parameters for adsorbate sites
is no longer equal to unity. For the TraPPE CO2 model,58 the
ratio of LJ size parameters is σO/σC ≈ 1.089, and the ratio of LJ
energy parameters is εO/εC≈ 2.9. In section 4.1, we showed that
the conformal sites theory works well when the ratio of size
parameters is ∼1.1 and the ratio of energy parameters is ∼5;
based on these results and previous studies,47−49 we expect that
our conformal sites theory should give good results for the
contribution of the Lennard-Jones site−site interactions to the
CO2 adsorption.
In Figure 6, we show comparisons for the excess adsorption of

CO2 for the real system and the reference system with different
surface charge ratios. We see that, even when the surface charges

differ by a factor of 10, the simplified reference system can still
reproduce the adsorption behavior of the real system within the
estimated errors for most pressure conditions tested. As was the
case for argon adsorption, discernible deviations between the
real system and the reference system are observed at the low end
of the relative pressure range, P/P0 < 0.02. An example is
illustrated in Figure 6c with simulation snapshots at P/P0≈ 2.87
× 10−3. As highlighted by the black circles, active surface sites
strongly attract the adsorbate molecules, and CO2 molecules
accumulate near those sites on the real rough surface. For the
ideal reference surface, the surface charges are averaged to have a
“mean” value, and those active sites are no longer strong enough
to attract CO2 molecules at low pressures and remain
unoccupied.

4.3. Water Vapor Adsorption at 298 K. We also
investigated the adsorption of water vapor on the heterogeneous
carbon surfaces. The major difference between this test and the
test with CO2 is that the H2O molecules have a large dipole
moment and exhibit H-bonding, while the CO2 molecule has no
dipole moment and electrostatic forces are weaker. We show in
the following that these differences in the adsorbate interactions
have a large impact on the performance of the conformal sites
theory and the adsorption mechanism.
The excess adsorption of water vapor on the real rough surface

and the ideal reference surface is shown in Figure 7. Unlike the
CO2 case, where the conformal sites theory works even when the
charge ratio is as high as 10, here the conformal sites theory
deteriorates quickly as the asymmetry of the surface charges
increases. When the ratio is 5 (Figure 7c), the reference system
deviates from the real system over the full pressure range. The
limited success of the conformal sites theory for water vapor
adsorption can be attributed to the strong dipole moment and
H-bonding of the water molecules. Due to the hydrophobicity of
the graphite surface, water molecules will selectively seek polar
sites to adsorb. Once the water molecule successfully finds a
surface site to occupy, that adsorbed water molecule will serve as
a new active sites on the surface, and a 3D cluster or networks
will be formed around that surface site through the cooperative
bonding effect, involving both fluid−fluid and fluid−energetic
site interactions. This adsorption mechanism is clearly shown in
the simulation snapshots in Figure 7c; water molecules form a
3D cluster near the strong P2 and P4 polar sites on the real rough
surface, while these polar sites are weakened on the reference
surface (P2 and P4 sites are marked in the black circle); thus, no
water molecules favor them in the reference system.

5. CONCLUSIONS
In this study, we propose a statistical mechanical analysis, which
we term conformal sites theory, to account for the chemical
heterogeneities of the surface. The theory is also flexible enough
to work with a surface with geometric defects. The
intermolecular interactions are assumed to consist of a sum of
site−site Lennard-Jones interactions plus Coulomb charge−
charge terms, a widely used force field for small, relatively rigid
molecules and surface sites. The basic assumption of the theory
is that all interactions (adsorbate−adsorbate and adsorbate−
surface) conform to this same functional form. However, in
contrast to early conformal solution theories, our theory takes
into account nonspherical molecular shape and distributed
charges on the molecules and also can be applied to highly
nonuniform systems, such as those experienced in adsorption.
We show that the grand potential of the real system with a rough
surface can be mapped to that of a system with an ideal reference

Figure 6. Excess adsorption isotherms of CO2 at 273 K on the real
surface and the ideal reference surface with different surface charge
ratios. (a) qP2/qP1 = 1.5. (b) qP2/qP1 = 5. (c) qP2/qP1 = 10. LJ potential
parameters for all polar sites are set equal to those of the carbon atoms
in graphite, and qP2/qP1 = qP4/qP3. Detailed system parameters are listed
in Tables 1 and 3. The saturation pressure, P0, of CO2 is 34.4 atm at 273
K. Insets in (c) are simulation snapshots at P/P0≈ 2.87 × 10−3; see text
for details. Curves are drawn to guide the eye.
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surface through a perturbation expansion. Reference surface
sites have the same Lennard-Jones (LJ) cross-interaction
parameters with the adsorbate sites, and the positively and
negatively charged surface sites carry charges qx

+ and qx
−,

respectively. The first-order perturbation expansion provides
mixing rules, eqs 18−21, to calculate the potential parameters
for the reference system; these mixing rules, together with eq 25,
are the key results of the conformal sites theory for adsorbed
films on rough surfaces. The success of the first-order conformal
sites theory depends on how different the potential parameters
are for the various interactions in the real system; the greater the
difference in the potential parameters, the slower will be the
convergence of the perturbation expansion so that the first-order
theory may not be adequate.

To explore the applicability and limitations of our conformal
sites theory, we performed sets of parallel grand canonical
Monte Carlo simulations for the real system and the
corresponding reference system and compared them side by
side to see at which point the adsorption behavior in the
reference system starts deviating from that in the real system.
The adsorption of LJ argon at 87.3 K was investigated. We

found that the first-order conformal sites theory can give a
quantitatively good estimate of the surface excess amount for the
adsorption on a highly heterogeneous graphite surface having a
single type of embedded energetic site even when the surface
atoms (sites) differ in their LJ energy parameters, ε, by a factor of
5, and in the LJ size parameter, σ, by a factor of 1.1. It was also
found that the conformal sites theory cannot accurately describe
the adsorption in the low-pressure range, where the first few
adsorbate molecules seek to occupy the most active surface sites.
When the LJ size parameter of the surface sites differs by a large
amount, for example, by a factor of 1.5, the conformal sites
theory fails to account for the packing effect of adsorbates on the
surface, especially during the completion of the monolayer. The
effect of the mole fraction of the surface energetic sites was also
studied, and it was discovered to have little impact on the
performance of the conformal sites theory. In addition, the
conformal sites theory was also applied to more complicated
systems, where long-range Coulombic interactions are involved.
In the case of CO2 adsorption at 273 K, good agreement
between the real system and the corresponding reference system
was observed even when the surface energetic sites differ in point
charges by a factor of 10, which is larger than the typical value,
∼5, found in commonly used force fields in practice.66

Concerning the adsorption of water vapor at 298 K, the
performance of the theory deteriorates quickly as the surface
polar sites become more asymmetric. The cooperative H-
bonding effect during water adsorption magnifies the difference
between the real rough surface and the ideal reference surface in
terms of the magnitude of electrostatic charges on the surface
sites.
In summary, the ratio of LJ size parameters is more important

than the ratio of LJ energy parameters for the accuracy of the
conformal sites theory. Thus, we suggest exercising caution
when applying the theory to an interfacial system where the LJ
sites differ greatly in size. The theory should also not be applied
at very low pressures if high accuracy is desired. For strongly
associating fluids like water, the adsorption is sensitive to the
location and electrostatic strength of the polar sites on the
surface;67 in this case, surface point charges of the same sign
should not be too different for the theory to work properly. It is
worth noting that the performance of conformal sites theory is
not monotonically degraded as the increase in the difference of
the potential parameters. Due to cancellation of errors,
sometimes the theory works unexpectedly well for a more
heterogeneous system. Thus, it is not possible to establish a
conclusive limit of application of the conformal sites theory, and
validation is necessary in some cases. Overall, the current
conformal sites theory is good enough for engineering purposes.
Once the conformal sites theory is validated, corresponding

states analysis24 can be performed on the simplified reference
system (eqs 26−28), which replaces the corresponding highly
heterogeneous real system. Experiments or molecular simu-
lations can then be carried out to establish the corresponding
states correlation. Once determined, it could be conveniently
used to predict the adsorption properties of other adsorbates
(e.g., adsorption isotherms) or to characterize the solid substrate

Figure 7. Excess adsorption isotherms of H2O at 298 K on the real
surface and the ideal reference surface with different surface charge
ratios. (a) qP2/qP1 = 1.5. (b) qP2/qP1 = 3. (c) qP2/qP1 = 5. LJ potential
parameters for all polar sites are set equal to those of the carbon atom in
graphite, and qP2/qP1 = qP4/qP3. Detailed system parameters are listed in
Tables 1 and 3. The saturation pressure, P0, of water is 0.031 atm at 298
K. Insets in (c) are simulation snapshots at P/P0 ≈ 0.064; see text for
details. Curves are drawn to guide the eye.
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(e.g., geometric roughness using eq 28). Other possible
applications of the conformal sites theory include the develop-
ment of effective solid−fluid interactions for a coarse-grained
surface model14 and the characterization of thin polymer films
adsorbed on rough surfaces.33

■ APPENDIX A

A.1. Choice of Expansion Parameters for Lennard-Jones (LJ)
Site−Site Terms
We consider a homogeneous fluid in which the N molecules
interact with the site−site potential of eq 2, each molecule
having m such interaction sites, which can be of species κ, λ... In
general, there are Nκ

intra sites of species κ within a molecule so
that ∑κNκ

intra = m. We label the individual molecules 1, 2, ..., N
and the individual intramolecular sites iυ, iξ, ... onmolecule i. We
assume that the intramolecular coordinates of each site are fixed,
so the intramolecular energy is excluded in the total configura-
tional internal energy, Uc, which is given, in the canonical
ensemble, by
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where ⟨...⟩ is the ensemble average, uiυjξ is the interaction
potential for site υ in molecule i and site ξ in molecule j (i≠ j); ρ
=N/V is the number density of the system; ω̅ = ∫ dω (4π or 8π2

for linear or nonlinear molecules, respectively); and g(r1, r2, ω1,
ω2) is the two-body correlation function given by
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Zc is the configurational partition function of the canonical
ensemble
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We now make an appropriate change of variables68
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where r12 = r2− r1 is the intermolecular vector; r1υ is the position
of site υ on molecule 1, site−site separation is r1υ2ξ = r2ξ − r1υ.
Substituting eq A.4 into eq A.1, integrating over r1υ and using
spherical polar coordinates for r1υ2ξ gives
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where, in the last step, due to the integration over the whole
space, the site−site distance is independent of the site chosen,
that is, r = r1υ2υ = ... = r1ξ2ξ, and we rewrite the site−site
interaction summation between molecule 1 and molecule 2 as
the summation of site species κ and λ (on different molecules);
xκ = Nκ

intra/m is the mole fraction for the site of species κ, and
gκλ(r) is the site−site correlation function independent of
molecular orientations68
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To avoid divergences in the integrals in the derivation that
follows, we consider the shielded Coulomb form of eq 261,69
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where the constant b is positive but otherwise arbitrary and
ensures the convergence of otherwise divergent integrals in what
follows. Finally, the limit b→ 0 will be taken. Substitution of eq
A.7 into eq A.5 and noting that gκλ(r) = hκλ(r) + 1, where hκλ is
the total correlation function, yields
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Electrical neutrality requires that
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∑ =
κ

κ κx q 0
(A.9)

so that the last term in eq A.8 vanishes. Taking the limit b→ 0,
eq A.8 can be written as
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Concerning the second term in eq A.10, we note that, for large r,
the interaction will be a dipole−dipole one, and that in this limit
the total correlation function approaches zero70,71 as hκλ(r) →
O(r−6) so that the integral converges.
Equation A.10 is of multiple site form.We now expand gκλ and

hκλ about the corresponding site−site total correlation functions
for a fluid in which all the sites have the same potential energy
function, having the form of eq 2 but with parameters εx, σx, and
±qx. Retaining only the zeroth order term, eq A.10 can be put in
a dimensionless one-site form
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where subscript x denotes the reference system, and size
parameter σ comes out naturally as the length scale to
nondimensionalize the variables with respect to the van der
Waals interactions, r* = r/σx and r ̃ = r/dx. Comparing eqs A.10
and A.11, we have
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In eqs A.11 and A.13, we have introduced a new length scale,
dκλ (and dx), that represents the minimum distance of approach
of two point charges, qκ and qλ. When the site−site interaction
involving these two charges is of the form of eq 2, with both
site−site LJ and site−site Coulomb terms, we can take dκλ = σκλ
and dx = σx, the LJ site−site size parameter. However, some force
fields include charge−charge interactions between sites that do
not include any LJ term; in these cases, it is helpful to introduce
the length parameter dκλ.
In order to complete the specification of the equivalent

reference fluid to which gx(r*) refers, we need further
expressions for σx and dx or some combination of σx (or dx)
and εx. We therefore consider a fluid of molecules composed of
m hard spheres rigidly joined together, with spheres of species κ,
λ... being of diameter σκκ, σλλ... Thus the site−site potential is
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where σκλ = (σκκ + σλλ)/2. The pressure equation for this case
is68

∑ ∑ρ π ρ σ γ

σ

= + ⟨ ⟩

×
κ λ

κ λ κλ κλ σ

κλ κλ

=

+

κλ κλ
P kT m kT x x r

g

2
3

cos

( )

r
2 2 2

12

(A.15)

where gκλ(σκλ
+ ) is the value of gκλ(rκλ) at contact, as r approaches

σκλ from above, and

γ = ̂ · ̂κλ κλr rcos 12 (A.16)

where r1̂2 = r12/|r12| and rκ̂λ = rκλ/|rκλ| are unit vectors along r12
and rκλ, respectively, andr12 = r2 − r1 is the line joining the two
molecular centers; γκλ is the angle between r12 and rκλ. In eq A.15,
⟨...⟩rκλ denotes a weighted average over the orientations keeping
the site−site distance rκλ fixed, that is

γ
ω ω γ ω ω

ω ω ω ω
⟨ ⟩ =

∫ ∫
∫ ∫κλ

κλ κλ

κλ
κλ

r
r g

g

r

r
cos

d d cos ( , , )

d d ( , , )r12
1 2 12 1 2

1 2 1 2
(A.17)

Equation A.15 can be put in one-site form by expanding gκλ(σκλ
+ )

about gx(σx
+) and keeping only terms of zeroth order

σ σ= +κλ κλ
+ +g g( ) ( ) ...x x (A.18)

Equation A.15 can then be written in one-site form as

ρ π ρ σ γ σ= + ⟨ * ⟩κλ σ=
+

κλ
P kT m kT r g

2
3

cos ( )x x r x x
2 2 3

12 x (A.19)

where r12* = r12/σx and

∑ ∑σ σ=
κ λ

κ λ κλx xx
3 3

(A.20)

Similarly

∑ ∑=
κ λ

κ λ κλd x x dx
3 3

(A.21)

Equations A.12, A.13, A.20, and A.21 together define the
reference fluid, and terms ε σx x

3 and σx
3 come out naturally as the

expansion parameters for the LJ site−site terms. However, the
current mixing rule for the charge−charge term (eq A.13) suffers
from two problems. First, in the cases where LJ size parameters
are not available, the optimal choice of the length parameter dκλ
needs further investigation. Second, in the cases where LJ size
parameters are available for the charge sites, eq A.13 becomes

∑ ∑σ σ=
κ λ

κ λ κ λ κλq x x q qx x
2 2 2

(A.22)

If we assume all interaction sites are of the same size, that is, σκκ =
σλλ = ... = σκλ, the above equation will reduce to

∑ ∑=
κ λ

κ λ κ λq x x q qx
2

(A.23)

Electrical neutrality requires that eq A.9 be obeyed, and we then
get qx = 0. This indicates that the conformal sites theory will map
a real polar system with partial charges to a reference system
without any charge. This unphysical mapping process results
from the irrational treatment of the site−site correlation
functions for the charge−charge terms. In the next section, we
present a new derivation of the mixing rule for the charge term.
A.2. Choice of Expansion Parameters for Electrostatic Term
Here, we consider a homogeneous fluid interacting only with the
site−site Coulombic potential. Equation A.10 then leads to
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∫∑ ∑ρ
ε

⟨ ⟩ =
κ λ

κ λ κ λ κλ
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N m

x x q q h r r r
2

( ) dc

2

0 0 (A.24)

It is well known that the pair distribution functions for pairs of
ions having charges of like sign are significantly different from
those for pairs of opposite sign.72 We therefore divide the
summation in eq A.24 into two parts: the summation over site
pairs of the same charge sign, and the summation over site pairs
of the opposite charge sign. Equation A.24 can then be written as
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where ∑κ
+and ∑κ

− indicate a summation over all positively
charged site types and over all negatively charged site types; hκλ

+

and hκλ
− are the total site−site correlation functions when the two

charges are of the same sign and the opposite sign, respectively.
We now expand hκλ

+ and hκλ
− about the corresponding reference

site−site total correlation functions for a fluid in which all the
sites have the same potential energy function but with
parameters qx

+qx
+, qx

−qx
−, and qx

+qx
−, where the subscript “x”

denotes the reference system; qx
+ and qx

− are the reference charge
for positively charged sites and negatively charged sites,
respectively. Retaining only the zeroth order term, we have

= +κλ
+ +h r h r( ) ( ) ...x (A.26)

= +κλ
− −h r h r( ) ( ) ...x (A.27)

Substitution of eqs A.26 and A.27 into eq A.25, the total
configurational energy can be put into a reference-system form
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By comparing eqs A.25 and A.28 and noting that∑κxκqκ = 0 (eq
A.9), we obtain

∑ ∑+ =
κ

κ
κ

κ
+ + − −x q x q 0x x

(A.29)

∑ ∑=
κ

κ κ
κ

κ
+ + +

q x q x/x
(A.30)

∑ ∑=
κ

κ κ
κ

κ
− − −

q x q x/x
(A.31)

Equation A.29 imposes the electrical neutrality of the reference
system. Equations A.30 and A.31 are the mixing rules for the
reference charges, which are just the mole fraction average of the
corresponding charges with the same sign on the original fluid
molecule.

Figure A1. Values of Fx,κα, Gx,κα, and Hx,κα for different surface (α)−adsorbate (κ) site pairs in system #1 in Table 3 for CO2 adsorption onto a
heterogeneous surface. “O” and “C_ads” denote the oxygen atom and the carbon atom in the CO2 molecule, respectively. P1, P2, P3, and P4 are
energetic polar sites on the surface, and “C_sub” denotes carbon atom in the substrate.
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A.3. Calculation of Coefficients Fx,κα, Gx,κα, and Hx,κα for
Different Surface−Adsorbate Site Pairs
If the dispersive and overlap interaction potential is taken to be
the 12-6 Lennard-Jones form (see eq 30) and the expansion
parameters σ3 and εσ3 are treated as two independent
variables,73 eqs 11 and 13 can be rewritten as

∫ε σ
σ

ρ ω ω= −κα
κα κα

Ä

Ç

ÅÅÅÅÅÅÅÅÅÅ

É

Ö

ÑÑÑÑÑÑÑÑÑÑ
F mN

r r
r r4

3 1
( , ) d dx x x

x
x, site

top 3
6

12 6 1 1 1 1

(A.32)

∫ σ σ
ρ ω ω= −κα

κα κα
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G mN

r r
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x x
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top
9

12

3

6 1 1 1 1

(A.33)

where the site−site distance rκα depends on the molecule
position r1 and orientation ω1. To illustrate that Fx,κα, Gx,κα, and
Hx,κα can be approximated as site-independent variables, we
calculated their values in the case of CO2 adsorption onto a
heterogeneous surface (system #1 in Table 3, where m = 3 and
Nsite

top = 291). The one-body density-orientation profile ρx(r1,ω1)
in the reference systemwas evaluated at grid points by uniformly
partitioning the simulation box into small cells, and the
integration of the profile over the whole space satisfies ∫ Vρ(r1,
ω1)dr1dω1 = ⟨Na⟩, where ⟨Na⟩ is the average number of
adsorbate molecules in the system. From Figure A1, we can
confirm that Hx,κα is site-independent in the full pressure range.
While Gx,κα shows some site-dependent evidence, the values for
different site pairs are still in the same order of magnitude and
present a similar trend with increase in the pressure; thus,
approximating Gx,κα to be site-independent only leads to a small
loss of accuracy. The coefficient Fx,κα, however, shows a stronger
dependence on the site pairs thanGx,κα andHx,κα, indicating that
treating Fx,κα as a site-independent parameter should be
exercised with caution. The behavior of Fx,κα further suggests
that the success of the conformal sites theory might strongly
depend on the difference in the Lennard-Jones (LJ) size
parameter, (σκα

3 − σx
3). If the surface or adsorbate sites differ

greatly in size, that is, the difference (σκα
3 − σx

3) is large, due to the
strong site-dependent behavior of Fx,κα, the first-order term in eq
17 will not be completely annulled by using the conformal sites
mixing rules (eqs 18−21), and a non-negligible residual term
should be added on the right of eq 25 to make it valid even if the
second-order term is still insignificant. In the current CO2 test
case, the first-order term in eq 17 is negligible and is roughly
equal to 5 × 10−20 J (0.3 eV) due to small size differences in the
adsorbate sites of the CO2 molecule. The first-order conformal
sites theory therefore works well for this system (see Figure 6a).
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